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PROPERTIES OF BOTT MANIFOLDS AND
COHOMOLOGICAL RIGIDITY
SUYOUNG CHOI AND DONG YOUP SUH
Abstract. The cohomological rigidity problem for toric mani-
folds asks whether the cohomology ring of a toric manifold de-
termines the topological type of the manifold. In this paper, we
consider the problem with the class of one-twist Bott manifolds to
get an affirmative answer to the problem. We also generalize the
result to quasitoric manifolds. In doing so, we show that the twist
number of a Bott manifold is well-defined and is equal to the coho-
mological complexity of the cohomology ring of the manifold. We
also show that any cohomology Bott manifold is homeomorphic to
a Bott manifold. All these results are also generalized to the case
with Z(2)-coefficients, where Z(2) is the localized ring at 2.
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1. Introduction
A class M of closed manifolds is said to be cohomologically rigid if
any two elements M,N ∈ M are homeomorphic whenever their coho-
mology rings are isomorphic. One of the intersting problems in toric
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topology is to determine whether the class of toric (or quasitoric) man-
ifolds is cohomologically rigid. A quasitoric manifold is a topological
analogue of a toric manifold, which was first introduced by Davis and
Januszkiewicz in [6], see also [2].
Since the class of toric or quasitoric manifolds is too large to handle
it is reasonable to restrict our attention to a smaller but an interesting
subclass of manifolds. Namely, we would like to restrict our focus on
Bott manifolds or cohomology Bott manifolds.
A (complex) Bott tower {Bj | j = 0, . . . , n} of height n (or n-stage
Bott tower) is a sequence
Bn
πn−→ Bn−1
πn−1
−→ · · ·
π2−→ B1
π1−→ B0 = {a point},
of manifolds Bj = P (C ⊕ ξj−1) where ξj−1 is a complex line bundle
over Bj−1 for each j = 1, . . . , n. In this case we call Bj the j-th stage
Bott manifold of the Bott tower. A smooth manifold M diffeomorphic
to the top stage Bn of a Bott tower is also called a Bott manifold, and
in this case {Bj | j = 0, . . . n} is callded a Bott tower structure of M .
A Bott tower was first introduced by Bott and Samelson in [1], and
later named as Bott tower in [7]. Bott manifolds are known to have
algebraic torus actions, hence they constitute an important family of
toric manifolds. A cohomology Bott manifold is a quasitoric manifold
whose cohomology ring is isomorphic to that of a Bott manifold.
The question we are interested in here is whether the class of (co-
homology) Bott manifolds is cohomologically rigid. So far, there is no
counter example to the question, but some positive results. Masuda
and Panov considered the problem and showed that any n-stage Bott
manifold is diffeomorphic to the trivial Bott manifold (CP 1)n if its
cohomology ring is isomorphic to that of (CP 1)n.
The notion of Bott tower is generalized to a generalized Bott tower in
[3] which is an iterated complex projective space bundles obtained from
projectivization of sum of line bundles over a complex projective space,
and the result in [12] is extended to generalized Bott manifolds in [4].
Furthermore any three-stage Bott manifolds and 2-stage generalized
Bott manifolds are shown to be cohomologically rigid there.
Davis and Januszkiewicz also introduced a real analogue of a qua-
sitoric manifold called a small cover in [6]. But for small covers the
corresponding cohomologies are with Z2-coefficients. Moreover we can
define a real Bott tower to be an iterated RP 1 bundles over RP 1, and
a generalized real Bott tower is defined similarly. So one might ask a
similar cohomological rigidity question asking whether two real Bott
manifolds are homeomorphic if their mod 2 cohomology rings are iso-
morphic. This is shown to be true recently by Kamishima and Masuda
[9], [10]. However the same question for generalized real Bott manifolds
is not true, see [11].
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However not much is known for the cohomological rigidity of Bott
manifolds whose cohomology rings are not isomorphic to that of prod-
uct of CP 1. In this article we consider one-twist Bott manifolds, i.e.,
only one stage has nontrivial fibration in its Bott tower structure. We
prove in Theorem 5.1 that one-twist Bott towers are cohomologically
rigid. Moreover this result is extended to quasitoric manifolds whose
Z-cohomology rings are isomorphic to those of one-twist Bott towers
in Theorem 5.3. Theorem 5.3 is an immediate consequence of Theo-
rem 5.1 together with two properties related with Bott towers. They
are Theorem 3.1 and Theorem 4.2.
A Bott manifold M may have two Bott tower structures {Bj | j =
0, . . . , n} and {B′j | j = 0, . . . , n}. The question we are interested
in here is whether the twist number (i.e., the number of nontrivial
fibrations) of the two Bott tower structures are equal? If so, the twist
number of a Bott manifold is well-defined.
On the other hand the cohomology ring of an n-stage Bott manifold
M is a truncated polynomial ring
(1.1) H∗(M) ∼= Z[x1, . . . , xn]/I,
where I =< xj(xj − fj) : j = 1, . . . , n > and fj =
∑j−1
i=1 cijxi with
deg xi = 2. If the fibration of the j-th stage of a Bott tower struc-
ture on M is trivial, then we may assume that fj = 0. The number
of nonzero fj ’s may depend on the choices of both generators of the
cohomology ring H∗(M) and Bott tower structures ofM . The cohomo-
logical complexity of M is the minimal number of nonzero fj’s among
all possible such choices. It is obvious that cohomological complexity
of H∗(M) is less than or equal to the twist number of any Bott tower
structure ofM . In Theorem 3.1, we show that the twist number of any
Bott tower structure of M is equal to the cohomological complexity
of H∗(M). In particular the twist number of a Bott manifold is well-
defined, namely, it does not depend on the choice of Bott manifold
structures of a Bott manifold.
A BQ-algebra of rank n is defined in [12]. In particular, the coho-
mology ring of any n-stage Bott manifold is a BQ-algebra of rank n
over Z. The converse of this is proved in Theorem 4.2.
It is proved in [4] that the class of three-stage Bott manifolds are
cohomologically rigid. An immediate consequence of this result to-
gether with Theorem 4.2 is Theorem 4.3, which says that the class of
6-dimensional quasitoric manifolds whose cohomolgies are BQ-algebras
over Z is cohomologically rigid.
So far, all the cohomological results are over Z coefficients. But by
careful observation of the proofs we can see that the same conclusion
can be derived with the 2-localized Z(2)-coefficients. This is treated in
Section 6.
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2. A sum of two line bundles over Bott manifolds
Let {Bj = P (C ⊕ ξj−1) | 0 ≤ j ≤ n} be a complex Bott tower of
height n. By the standard results on the cohomology of projectivised
bundles, we can see that the cohomology of Bj is a free module over
H∗(Bj−1) on generators 1 and xj of dimension 0 and 2 respectively.
The ring structure of H∗(Bj) is determined by a single relation
x2j = c1(ξj−1)xj
where xj is the first Chern class of the line bundle γj which is the pull-
back bundle of the tautological line bundle of P (C⊕ξj−1) = Bj via the
projection Bn → Bj . Since c1(ξj−1) ∈ H
2(Bj−1), we can write
fj := c1(ξj−1) =
j−1∑
i=1
cijxi.
Since complex line bundles are distinguished by their first Chern classes,
Bott manifold Bn is determined by the above list of integers (cij : 1 ≤
i < j ≤ n).
It is convenient to organize the integers cij into an n × n upper
triangular matrix,
(2.1) Λ =


0 c12 · · · c1n
0 · · ·
...
. . . cn−1n
0

 .
We call it the associated matrix of the Bott tower.
One of the basic questions in vector bundle theory is to determine
when two bundles with equal characteristic classes are isomorphic. In
particular, we would like to know whether the following question is
true. Let ξ and η be sums of k complex line bundles over a generalized
Bott manifold B. Are two bundles ξ and η isomorphic if their total
Chern classes are equal? The answer is true when B is a generalized
Bott tower and η is the trivial bundle, see [4]. In this section we provide
two more affirmative answers to the question. They are Proposition 2.4
and Proposition 2.5. We first need the following lemma. We sometimes
confuse Bott tower with its last stage Bott manifold when they are clear
from the context.
Lemma 2.1. Let Bn and B
′
n be two n stage Bott towers. If the asso-
ciated matrices to them are

0 ∗ ∗ b1 a1
. . . ∗
...
...
0 bn−2 an−2
0 0
0

 and


0 ∗ ∗ a1 b1
. . . ∗
...
...
0 an−2 bn−2
0 0
0


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respectively, then Bn and B
′
n are diffeomorphic.
Note that this lemma can be seen by the fact that Bn and B
′
n are
diffeomorphic if two associated matrices are conjugate by a permuati-
tion matrix, see [3] or [12]. However, here we give a direct proof of the
lemma.
Proof. Let B be the (n − 2)-stage Bott manifold with the associated
(n− 2)× (n− 2) matrix 
 0 ∗ ∗. . . ∗
0

 .
Then B = Bn−2 → Bn−3 → · · · → B1 → B0, where Bj = P (C ⊕
ξj−1)→ Bj−1.
Let γj be the pull-back of the tautological line bundle of P (C ⊕
ξj−1) = Bj via the projection B = Bn−2 → Bj, and let c1(γj) = xj for
j ≤ n−2. Let α =
∑n−2
i=1 aixi and β =
∑n−2
i=1 bixi ∈ H
2(B). Define two
complex line bundles over B
γα =
n−2⊗
i=1
γaii → B, and γ
β =
n−2⊗
i=1
γbii → B.
Let πα : P (C⊕ γ
α) → B be the projection of the CP 1-bundle over B
and denote this fiber bundle by ηα. Similarly πβ : P (C⊕ γ
β)→ B and
ηβ is defined. Then
B′n
∼= π∗α(ηβ)

π∗β(ηα)
∼= Bn

B′n−1 = P (C⊕ γ
α)
πα
((R
RR
RR
RR
RR
RR
RR
P (C⊕ γβ) = Bn−1
πβ
vvll
ll
ll
ll
ll
ll
l
B = Bn−2
,
where π∗β(ηα) = {(x, y) ∈ P (C⊕ γ
β)× P (C⊕ γα)|πβ(x) = πα(y)} and
π∗α(ηβ) = {(a, b) ∈ P (C ⊕ γ
α) × P (C⊕ γβ)|πα(a) = πβ(b)}. Therefore
π∗β(ηα)
∼= π∗α(ηβ). 
Corollary 2.2. If a Bott manifold has a one-twist Bott tower structure,
then it has another Bott tower structure whose last stage is nontrivial
and all other stages are trivial.
Proof. By successive applications of Lemma 2.1, we can push the trivial
fibration down to lower levels. 
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Corollary 2.3. If Bn is a Bott tower with the associated matrix
Λ =


0 c12 · · · c1n
0
...
. . . cn−1n
0


such that ckk+1 = ckk+2 = · · · = ckn = 0. Then Bn is diffeomorphic to
a Bott tower with the associated matrix
Λ′ =


0 c12 · · · c1k−1 c1k+1 c1k+2 · · · c1n c1k
0 · · · c2k−1 c2k+1 c2k+2 · · · c2n c2k
. . .
...
...
...
...
...
...
0 ck−1k+1 ck−1k+2 · · · ck−1n ck−1k
0 ck+1k+2 · · · ck+1n 0
0
...
...
...
. . . cn−1n 0
0 0
0


.
Note that Λ′ is obtained from Λ by interchanging the k-th and the
n-th rows and the k-th and the n-th columns. So Λ′ is conjugate
to Λ, and again, by [3] and [12], we can see that their corresponding
Bott manifolds are diffeomorphic. However, we give an elementary and
direct indication of proof here for reader’s convenience.
Sketch of Proof. This is an easy consequence of Lemma 2.1. The only
thing to consider is that when exchanging the columns we need to take
care of the effect of the indices of xj ’s. Here we only give an idea of the
proof with an example. The proof of the general case is quite similar.
Here we consider B4 with the following associated matrix
A =


0 a b c
0 0 0
0 d
0

 .
Then H∗(B4) ∼= Z[x1, x2, x3, x4]/I where I is the ideal generated by
x21, x2(x2 − ax1), x3(x3 − bx1), x4(x4 − dx3 − cx1).
We apply Lemma 2.1 to B3 whose associated matrix is
B =

 0 a b0 0
0

 ,
which results exchanging the second and third columns of B. The effect
of the above procedure also exchanges the second and third stages
of the Bott tower of B4, and as a result the variable x2 and x3 will
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be exchanged. Namely, the variables x1, x2, x3, x4 will be changed to
x′1, x
′
3, x
′
2, x
′
4. Therefore, with the changed variables x
′
1, x
′
2, x
′
3, x
′
4, B4 is
diffeomorphic to B′4 with the assocoated matrix
A′ =


0 b a c
0 0 d
0 0
0

 .
We now apply Lemma 2.1 to A′. This means that we are exchanging
the third and fourth stages of the Bott tower of B′4 to get B
′′
4 with the
associated matrix
A′′ =


0 b c a
0 d 0
0 0
0

 .
with the variables x′1, x
′
2, x
′
3, x
′
4 changed to x
′′
1, x
′′
2, x
′′
4, x
′′
3. This is the
desired result. 
Proposition 2.4. A sum of two line bundles over a Bott manifold is
trivial if and only if the total Chern class is trivial.
Proof. Let Bn be a Bott manifold with the associated matrix
Λ =


0 c12 · · · c1n
0
...
. . . cn−1n
0

 .
As before, let xj be the first Chern class of the line bundle γj which is
the pull-back bundle of the tautological line bundle of P (C⊕ξj−1) = Bj
via the projection Bn → Bj. Let fj =
∑j−1
i=1 cijxi. For an element
α ∈ H2(Bn), let γ
α be the complex line bundle over Bn with c1(γ
α) = α.
Let ξ = γα⊕γβ be the sum of two line bundles such that c(ξ) = 1, and
α =
∑n
j=1 ajxj and β =
∑n
j=1 bjxj . Then
1 = c(ξ) = c(γα)c(γβ)
= (1 + α)(1 + β)
= 1 + (α + β) + αβ.
Therefore α+ β = 0 and αβ = 0, which implies α2 = 0 in H∗(Bn). On
the other hand,
α2 = 0⇔
n∑
j=1
(ajxj)
2 +
∑
1≤i<j≤n
2ajaixjxi =
n∑
j=1
a2j (x
2
j − fjxj)
⇔ a2jcij = −2ajai for all i < j(2.2)
Thus ξ = γα ⊕ γ−α with α =
∑n
j=1 ajxj ∈ H
2(Bn) and a
2
jcij = −2ajai
for all 1 ≤ i < j ≤ n.
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Now, we prove the proposition by induction on n. If n = 2, then
the dimension of ξ is equal to the dimension of Bn, so we are in the
stable range. Hence the total Chern class classifies the complex vector
bundle, so the proposition is true for n = 2. Assume the lemma is true
for Bn−1. We now prove the lemma for Bn. These are three cases to
consider
Case 1 an = 0.
In this case, ξ = π∗n(η), where η = γ
α ⊕ γ−α over Bn−1. By the
assumption, c(η) = 1, and by the induction hypothesis, η is trivial. So
is ξ.
Case 2 an 6= 0 and ak = 0 for some k < n.
We may assume that ai 6= 0 for all i > k. By (2.2), a
2
jcij = −2ajai
for all i < j. Hence, a2k+ℓckk+ℓ = −2ak+ℓak for all 0 < ℓ ≤ n− k. Since
ak+ℓ 6= 0 and ak = 0, ckk+ℓ = 0 for all ℓ. Thus, ckk+1 = ckk+2 = · · · =
ckn = 0. Hence Bn is diffeomorphic to a Bott manifold B
′
n with Λ
′ in
Corollary 2.3 as the associated matrix.
Let {x1, . . . , xn} and {y1, . . . , yn} be ordered generator sets ofH
∗(Bn)
and H∗(B′n) respectively as in (1.1). Let ρ : B
′
n → Bn be the diffeo-
morphism as indicated in the proof of Corollary 2.3. Then we can see
that
ρ∗(x1) = y1
...
ρ∗(xk−1) = yk−1
ρ∗(xk) = yn
ρ∗(xk+1) = yk
...
ρ∗(xn) = yn−1.
Therefore, ρ∗(α) = a1y1+ · · ·+ak−1yk−1+ak+1yk+ · · ·+anyn−1+akyn.
Since c(γα ⊕ γ−α) = 0 in H∗(Bn), c(ρ
∗(γα ⊕ γ−α)) = 0 in H∗(B′n).
Since ak = 0 from the assumption, we are in Case 1 for B
′
n. Therefore
ρ∗(γα ⊕ γ−α) is trivial on B′n, and so is γ
α ⊕ γ−α on Bn.
Case 3 aj 6= 0 for all j.
By (2.2), a2jcij = −2ajai for all i < j, hence, cij 6= 0 for all i, j. Note
that B2 is a Hirzebruch surface. Since the diffeomorphism type of a
Hirzebruch surface B2 is determined by the parity of c12, if c12 is even
then B2 is diffeomorphic to CP
1 × CP 1. Hence Bn is diffeomorphic
to B′n with c
′
12 = 0. Thus we may assume that c12 = 0 for simplicity.
But then, by (2.2) either a1 or a2 is zero, which contradicts to the
assumption of Case 3. Therefore we may assume that c12 is odd; in
fact we may assume that c12 = 1 because the diffeomorphism type of
B2 is determined by the parity of c12. Since cij 6= 0 and aj 6= 0 for all j
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and i, by (2.2), cijaj = −2ai for all i < j. Hence a2 = −2a1. Moreover
since c13a3 = −2a1 we have c23a3 = −2a2 = 4a1, hence, c23 = −2c13.
We claim that B3 with 
 0 1 c0 −2c
0


is diffeomorphic to B′3 with
 0 1 c0 0
0

 .
Thus we may assume that Bn has c23 = 0. Then by (2.2), a2 or a3 must
be zero. Therefore we are in Case 2 and the proposition is proved.
It remains to prove the claim.
B3 = P (C⊕ (γ
c
1 ⊗ γ
−2c
2 ))
∼= P ((C⊕ (γc1 ⊗ γ
−2c
2 ))⊗ γ
c
2)
∼= P (γc2 ⊕ (γ
c
1 ⊗ γ
−c
2 )).
The total Chern class of γc2 ⊕ (γ
c
1 ⊗ γ
−c
2 ) is
c(γc2 ⊕ (γ
c
1 ⊗ γ
−c
2 )) = (1 + cx2)(1 + cx1 − cx2) = 1 + cx1
since x22 = x1x2 in H
4(B2).
On the other hand, c(C⊕γc1) = 1+ cx1. Therefore, γ
c
2⊕ (γ
c
1⊗γ
−c
2 )
∼=
C⊕ γc1 as bundles over B2. Thus, B3
∼= P (C⊕ γc1) = B
′
3 which has the
associated matrix 
 0 1 c0 0
0

 .

Now let Bn−1 ∼= (CP
1)n−1, and for α ∈ H2(Bn−1) let γ
α be the
complex line bundle over Bn−1 with c1(γ
α) = α as before.
Proposition 2.5. Let ξ1 = γ
α1 ⊕ γα2 and ξ2 = γ
β1 ⊕ γβ2 be sums of
two line bundles over Bn−1 ∼= (CP
1)n−1 such that c1(ξ1) = c1(ξ2) and
c2(ξ1) = c2(ξ2) = 0. Then ξ1 and ξ2 are isomorphic.
Proof. Let H∗(Bn−1) ∼= Z[x1, . . . , xn−1]/ < x
2
j | j = 1, . . . , n− 1 >, and
let αk, βk be elements of H
2(Bn−1) for k = 1, 2. From the assumption
we have α1 + α2 = β1 + β2 and α1α2 = β1β2 = 0.
In general, for two elements u =
∑n−1
i=1 uixi and v =
∑n−1
i=1 vixi of
H2(Bn−1), the identity uv = 0 holds if and only if ujvi + uivj = 0 for
any j 6= i. From this, we can see easily that if uv = 0, one of the
following three possibilities follows.
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(1) If at least three coefficients in u are non-zero, then v = 0.
(2) If exactly two coefficients in u, say ui and uj, are non-zero, then
so is v with vjvi 6= 0 and ujvi + uivj = 0.
(3) If only one coefficient in u, say uj, is non-zero, then so is v with
vj 6= 0.
Suppose α1 has at least three non-zero coefficients. Then (1) implies
that α2 = 0 and α1 = β1 + β2. If β1 6= 0 and has at most two non-zero
coefficients then so is β2 with non-zero coefficients at the same places
as β1 by (2) and (3), which is a contradicts to the assumption that α1
has at least three nonzero coefficients because α1 + α2 = β1 + β2. So
β1 is either 0 or has at most three non-zero coefficients. Therefore by
(1) either β1 = 0 or β2 = 0, and two bundles ξ1 and ξ2 are isomorphic.
Suppose that α1 has exactly two non-zero coefficients. Then (1) and
(2) imply that so is α2, and β1 and β2 are either zero or have exactly
two non-zero coefficients at the same places as α1. This means that the
bundles ξ1 and ξ2 are pullbacks of bundles over (CP
1)2. Hence those
bundles are in stable range and hence they are classified by their Chern
classes. Thus ξ1 and ξ2 are isomorphic.
The case when α1 has only one non-zero coefficient can be proved
similarly.

3. Twist number and Cohomological complexity
The twist number of a Bott tower {Bj | j = 0, . . . , n} is the number
of nontrivial fibrations Bj → Bj−1 in the sequence. However there
may be several Bott tower structures for a Bott manifold, so the twist
number may not be well-defined for Bott manifolds. In this section we
show that the twist number of a Bott manifold is well-defined, namely
we show that the twist numbers of any Bott tower structure of a Bott
manifold is constant.
For an n-stage Bott manifold M its cohomology ring is isomorphic
to
H∗(M) ∼= Z[x1, . . . , xn]/I,
where I =< xj(xj − fj) : j = 1, . . . , n > and fj =
∑j−1
i=1 cijxi with
deg xj = 2. Here the numbers cij can be determined by a Bott tower
structure of M . Indeed, cij ’s are the entries of the matrix (2.1). Hence
if the fibration of the i-th stage of a Bott tower structure on M is
trivial, then we may assume that fj = 0. Therefore the number of
nonzero fj’s may depend not only on the choices of generators of the
cohomology ring H∗(M) but also the Bott tower structures of M . The
cohomological complexity of M is the minimal number of nonzero fj’s
among all possible such choices.
In the following theorem we show that the twist number of any Bott
tower structure of a Bott manifold M is equal to the cohomological
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complexity of M . This, in particular, shows that the twist number of
a Bott manifold is well-defined.
Theorem 3.1. Let M be a Bott manifold. Then the twist number of
any Bott tower structure of M is equal to the cohomological complexity
of M .
Proof. Let
Bn → Bn−1 → · · · → B1 → B0 = {a point}
be a Bott tower structure of M whose twist number is equal to t. By
Corollary 2.2, we may assume that
Bn−t → Bn−t−1 → · · · → B1
is a trivial Bott tower. Therefore Bℓ = (CP
1)ℓ for ℓ = 1, . . . , n− t.
Let s be the cohomological complexity of M . Then it is clear that
t ≥ s in general. Suppose t > s. Since the twist number of M is t, we
have
H∗(Bn) = Z[x1, . . . , xn]/ < xj(xj − fj) | j = 1, . . . , n >,
where
fj =
{
0 for 1 ≤ j ≤ n− t∑j−1
i=1 cijxi for n− t < j ≤ n.
Since the cohomological complexity of Bn is s, there is an isomor-
phism
ψ : H∗(Bn)→ Z[y1, . . . , yn]/ < yj(yj − gj) | j = 1, . . . , n >,
where
gj =
{
0 for 1 ≤ j ≤ n− s,∑j−1
i=1 dijyi for n− s < j ≤ n.
We claim that there exists m (n−t < m ≤ n) such that fm ≡ 0
mod 2 and f 2m = 0 ∈ H
∗(Bm−1).
If the claim is true, then we can write as fm + 2w = 0 for some w ∈
H2(Bm−1). Therefore,
c(γw ⊕ γfm+w) = (1 + w)(1 + fm + w) = 1 + (fm + 2w)−
f 2m
4
= 1
Thus, by Proposition 2.4, γw ⊕ γfm+w is a trivial bundle over Bm−1.
Hence P (C⊕γfm) = P (γw⊕γfm+w) = Bm−1×CP
1. So we can reduce
the twist number of Bn to t− 1, which is a contradiction.
We now prove the claim. Since ψ is an isomorphism, we can
write
yi =
n∑
j=1
bijψ(xj).
Let B = (bij) be the coefficient matrix. Note that det(B) = ±1.
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Since ψ−1(y2k) = 0 in H
∗(Bn) for 1 ≤ k ≤ n− s, we have
ψ−1(y2k) = (ψ
−1(yk))
2 = (
n∑
j=1
bkjxj)
2
=
n∑
j=1
(bkj)
2x2j +
∑
1≤i<j≤n
2bkjbkixixj(3.1)
=
n∑
j=1
(bkj)
2(x2j − fjxj), which represents zero in H
∗(Bn)(3.2)
=
n∑
j=1
(bkj)
2(x2j −
j−1∑
i=1
cijxixj)
By comparing the coefficients of (3.1) and (3.2), we have
(3.3)
j−1∑
i=1
2bkjbkixi = −(bkj)
2fj
for 1 ≤ k ≤ n− s and 1 ≤ j ≤ n. This implies
(3.4) 2bkjbki = −(bkj)
2cij
where 1 ≤ k ≤ n− s and 1 ≤ i < j.
Suppose that all bkj are even for n − t + 1 ≤ j ≤ n and 1 ≤ k ≤
n− s. Since t + n− s > n, detB must be even because, in general, if
A =
(
C D
E F
)
is an n × n matrix and if D is a k × ℓ matrix all of
whose entries are even with k + ℓ > n, then detB is even. This is a
contradiction. Thus there is an odd number bℓm for some 1 ≤ ℓ ≤ n−s
and n− t+ 1 ≤ m ≤ n.
Suppose fm is not congruent to 0 modulo 2, i.e., there exists an odd
number chm for some 1 ≤ h ≤ m − 1. Then from (3.4), 2bkmbkh =
−(bkm)
2chm for 1 ≤ k ≤ n − s. It implies that bkm ≡ 0 (mod 2)
for all 1 ≤ k ≤ n − s, which contradicts to that bℓm is odd. Thus,
fm ≡ 0 (mod 2).
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On the other hand, from (3.3),
∑m−1
i=1 2bkmbkixi = −(bkm)
2fm with
k = ℓ, fm
2
= −
∑m−1
j=1
bℓj
bℓm
xj . Thus we have(
fm
2
)2
=
(
−
m−1∑
j=1
bℓj
bℓm
xj
)2
=
m−1∑
j=1
((
bℓj
bℓm
)2
x2j + 2
j−1∑
h=1
bℓjbℓh
(bℓm)2
xjxh
)
=
∑m−1
j=1 (bℓj)
2(x2j − fjxj)
(bℓm)2
by (3.3)
= 0 ∈ H∗(Bn−1)
This proves the claim. 
From the proof of Theorem 3.1 the following corollary follows imme-
diately.
Corollary 3.2. The twist number of a Bott manifoldM is well-defined,
i.e., any two Bott tower structures of M have the same twist number.
4. BQ-algebras and Bott manifolds
Recall that a 2n-dimensional manifold M is a quasitoric manifold
over a simple (combinatorial) polytope P if there is a locally standard
n-torus T n action on M and a surjective map π : M → P whose fibers
are the T n-orbits. For a 2n-dimensional quasitoric manifold M over
a simple polyotpe P there corresponds a characteristic map χ : F →
Zn well-defined up to sign where F is the set of all facets of P . A
characteristic map should satisfy the following two conditions:
• χ(F ) is a primitive vector for any F ∈ F , and
• if n facets F1 . . . , Fn are intersecting at vertex v of P , then
{χ(F1), . . . , χ(Fn)} forms a linearly independent subset in Z
n.
Conversely, for simple polytope P and a map χ : F → Zn satisfying
the above two conditions, there exists a unique quasitoric manifold up
equivalence whose characteristic map is χ.
Two quasitoric manifolds πM : M → P and πN : N → P over
P are equivalent if there is a weak T n- equivariant homeomorphism
φ : M → N (i.e., there exists an automorphism ρ on T n such that
φ(tx) = ρ(t)φ(x)) such that πN ◦ φ = πM .
Let P be an n-dimensional simple polytope with m facets, and let
M be a quasitoric manifold over P . Then we can find a characteristic
map χ for M such that χ(F1) = (1, 0, . . . , 0), . . . , χ(Fn) = (0, . . . , 0, 1)
where F1, . . . , Fn are the facets meeting at one particular vertex p ∈ P .
Then we can define an (m − n) × n matrix A whose row vectors are
χ(Fn+1), . . . , χ(Fm). This matrix A is called a characteristic matrix of
M . For the details about quasitoric manifolds we refer the reader to
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[6]. We note that a Bott manifold Bn associated with the matrix Λ
in (2.1) admits the canonical nice T n-action with which Bn becomes a
quasitoric manifold. The characteristic matrix of Bn is then equal to
−Λ− In, where In is the identity matrix of size n, see [12] for details.
In this section we will consider quasitoric manifolds whose coho-
mology rings resemble those of Bott manifolds. For this we need the
following definition.
Definition 4.1. A graded algebra S over Z generated by x1, . . . , xn of
degree 2 is called a Bott quadratic algebra (BQ-algebra) over Z of rank
n if
(1) x2k =
∑
i<k cikxixk where cik ∈ Z for 1 ≤ k ≤ n, (in particular
x21 = 0,) and
(2)
∏n
i=1 xi 6= 0.
BQ-algebra over Z2 is defined similarly.
Originally, BQ-algebra over Z2 is defined in [12], and we extend their
definition here for our purpose. The cohomology ring of a Bott manifold
is a BQ-algebra over Z. So one might ask whether the converse is true,
i.e., if the cohomology ring of a quasitoric manifold is a BQ-algebra
over Z, then is the quasitoric manifold homeomorphic to a Bott tower?
The affirmative and stronger answer to the question is given in the
following theorem.
Theorem 4.2. Let M be a 2n-dimensional quasitoric manifold over a
simple polytope P , and let A be a characteristic matrix of M . Then
the following are equivalent.
(1) M is equivalent to an n-stage Bott manifold.
(2) H∗(M) is a BQ-algebra of rank n over Z.
(3) P is combinatorially equivalent to the cube In and A is conju-
gate to an upper triangular matrix by a permutation matrix.
Proof. (1) ⇒ (2) Clear.
(3) ⇔ (1) follows from Proposition 3.2 in [12].
(2) ⇒ (3) If H∗(M) is a BQ-algebra of rank n over Z, then H∗(M :
Z2) is a BQ-algebra of rank n over Z2. By [12, Theorem 5.5] (or [5, The-
orem 1.6]) P is combinatorially equivalent to the cube In. Therefore
A is an n× n matrix. We may assume that
−A =


1 a12 · · · a1n
a21 1 · · · a2n
...
...
. . .
...
an1 an2 · · · 1

 .
We note that the conditions of a characteristic map implies that all
principal minors are ±1, and by general facts on the cohomology of
quasitoric manifolds we have an isomorphism
H∗(M) ∼= Z[y1, . . . , yn]/ < gj | j = 1, . . . , n >
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where gj = yj
∑n
i=1 aijyi and ajj = 1 for all i = 1, . . . , n. Since H
∗(M)
is a BQ-algebra over Z there is a Z-algebra isomorphism
φ : H∗(M)→ Z[x1, . . . , xn]/ < xj(xj − fj) | j = 1, . . . , n >,
where fj =
∑j−1
i=1 cijxi. Therefore
xi =
n∑
j=1
bijφ(yj)
with detB = ±1 where B is the n× n matrix (bij). Since all principal
2 × 2 minors of A are ±1 by the conditions of characteristic map, we
have 1− aijaji = ±1 for all i 6= j.
We first claim that aijaji = 0 for all i 6= j. Assume otherwise.
Then atsast = 2 for some s and t. Since φ
−1(x21) = (
∑n
j=1 b1jyj)
2 = 0
in H∗(M), we have
(4.1)
(
n∑
j=1
b1jyj
)2
=
n∑
j=1
b21j
(
yj
n∑
i=1
aijyi
)
.
Compare the coefficients of ysyt-terms on both sides of the equation (4.1)
to get
(4.2) 2b1sb1t = b
2
1sats + b
2
1tast
Since astats = 2 we have (ast, ats) = ±(1, 2) or ±(2, 1). Therefore,
the equation (4.2) is equivalent to either (b1s ± b1t)
2 + b21t = 0 or (b1s ±
b1t)
2+b21s = 0. The only real solutions for equation (4.2) is b1s = b1t = 0.
Hence φ−1(x1) =
∑
j 6=s,t b1jyj.
We now consider the second relation x2(x2 − f2) of the BQ-algebra.
Here f2 = c12x1. Then φ
−1(f2) = φ
−1(c12x1) = c12φ
−1(x1) has no ys
and yt-terms. Note that
φ−1(x2(x2 − f2)) = φ
−1(x2)
2 − φ−1(x2)φ
−1(f2)
= (
n∑
j=1
b2jyj)
2 − (
n∑
j=1
b2jyj)c12(
∑
j 6=s,t
b1jyj)
= 0 ∈ H∗(M).
Therefore we have the following equation.
(4.3) (
n∑
j=1
b2jyj)
2 − (
n∑
j=1
b2jyj)c12(
∑
j 6=s,t
b1jyj) =
n∑
j=1
αjgj
for some αj ∈ Z with j = 1, . . . , n. Since the second term of the left
hand side of the equation (4.3) has no ysyt-term, no y
2
s -term and no
y2t -term, by comparing the coefficients of y
2
s and y
2
t we can see that
αs = b
2
2s and αt = b
2
2t. Hence by comparing the coefficients of ysyt of
equation (4.3) we get
2b2sb2t = atsαs + astαt = atsb
2
2s + atsb
2
2t
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which is of the same form as in equation (4.2). Hence, b2s = b2t = 0.
Note that φ−1(f3) also has no ys and yt-terms. Thus by the same
argument as above, we can see that b3s = b3t = 0. Continue the similar
argument for xi(xi − fi) to get
bis = bit = 0 for all i = 1, . . . , n.
This implies that the s-th and t-th rows of the matrix B are zero, which
implies detB = 0. This is a contradiction. Therefore the claim that
aijaji = 0 for all i 6= j is proved.
We now claim that all principal minors of A are 1 by induction
on the rank of the minors. By the previous claim, any principal minor
of rank 2 is 1. Assume the claim is true for all principal minors of
rank < k with k ≥ 3. Suppose there exists a negative principal minor
Ξ of rank k. Since all proper minors of Ξ is 1 and Ξ = −1, by Lemma 3.3
of [12] we have
−1 = Ξ = det


1 hj1 0 . . . 0
0 1 hj2 . . . 0
...
. . .
...
0 . . . . . . 1 hjk−1
hjk 0 · · · 1


where hii 6= 0 for all i = 1, . . . , k. Consider the equation (4.1) again,
but now compare the coefficients of yjiyji+1 where yjk+1 = yj1 for con-
venience. Then we have the relation
(4.4) 2b1jib1ji+1 = hjib
2
1ji
.
Suppose one of b1ji for i = 1, . . . , k is zero. Then from (4.4) all others
must be zero, too. By a similar argument applied to the second relation
φ−1(f2) = c12φ
−1(x1), we can see that bℓji = 0 for all ℓ = 1, . . . , n and
i = 1, . . . , k. Thus detB = 0, which is a contradiction. Therefore all
b1ji are nonzero for i = 1, . . . , k, and hence, so are hji’s. Then −1 =
Ξ = 1 + (−1)k
∏k
i=1 hji. Thus (−1)
k
∏k
i=1 hji = −2. By multiplying
each side of equation (4.4) for all i = 1, . . . , k, we have
2k(
k∏
i=1
b1ji)
2 = (−1)k+12(
k∏
i=1
b1ji)
2,
which is a contradiction. This proves the claim.
Therefore the theorem follows from Lemma 3.3 of [12]. 
It is shown in [4] that three-stage Bott manifolds are cohomologi-
cally rigid, i.e., if M and N are two three-stage Bott manifolds whose
cohomology rings are isomorphic, then they are diffeomorphic. The
following corollary shows the cohomological rigidity of the class of
6-dimensional quasitoric manifolds whose cohomology rings are BQ-
algebras over Z.
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Theorem 4.3. Let M and N be 6-dimensional quasitoric manifolds
whose cohomology rings are BQ-algebras over Z. If H∗(M) ∼= H∗(N)
as graded rings, then M and N are diffeomorphic.
Proof. Since H∗(M) and H∗(N) are BQ-algebra over Z, M and N
are equivalent to 6-dimensional Bott manifolds. In particular they are
hoemomorphic to 6-dimensional Bott manifolds. Since all quasitoric
manifolds are simply connected, by the result of Wall [13] and Juppe [8],
we can see that M and N are actually diffeomorphic to 6-dimensional
Bott manifolds. Hence the corollary follows from the above mentioned
result of [4]. 
5. Cohomological rigidity of one-twist Bott manifolds
In this section we prove the cohomological rigidity of one-twist Bott
manifolds. Let {Bj | 0 ≤ j ≤ n} be a one-twist Bott tower. By Corol-
lary 2.2 we may assume that Bn−1 = (CP
1)n−1. Hence H2(Bn−1) ∼=
Z[x1, . . . , xn−1]/ < x
2
j | x = 1, . . . , n − 1 >. Let M(α) = Bn =
P (C⊕ γα) where γα is the line bundle over Bn−1 with the first Chern
class
c1(γ
α) = α =
n−1∑
i=1
aixi ∈ H
2(Bn−1).
Theorem 5.1. Let α and β be two elements of H2(Bn−1) where Bn−1 =
(CP 1)n−1, and let M(α) and M(β) be one-twist Bott manifolds as de-
fined above. Then the following are equivalent.
(1) M(α) and M(β) are diffeomorphic.
(2) H∗(M(α)) ∼= H∗(M(β)) as graded rings.
(3) There is an automorphism φ of H∗(Bn−1) such that φ(α) ≡ β
mod 2 and φ(α2) = β2.
(4) Let α =
∑n−1
i=1 aixi and β =
∑n−1
i=1 bixi.Then there is a permu-
tation σ on {1, . . . , n− 1} such that aσ(i) ≡ bi mod 2 for any i
and |aσ(i)aσ(j)| = |bibj | for any i 6= j.
Moreover, any isomorphism between H∗(M(α)) and H∗(M(β)) pre-
serves the total Pontrjagin classes of M(α) and M(β).
Before we prove the theorem let us note that
(5.1) H∗(M(α)) = Z[z1, . . . , xn−1, yα]/ < x
2
1, . . . , x
2
n−1, y
2
α − αyα >
where yα is the first Chern class of the tautological bundle of P (C⊕γ
a).
Moreover its total Pontrjagin class is
P (M(α)) = (1 + yα)
2(1 + (yα − α)
2)
= 1 + α2.(5.2)
We first need the following lemma.
Lemma 5.2. The following are equivalent.
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(1) H∗(M(α) : Q) ∼= H∗((CP 1)n : Q).
(2) There is an element u ∈ H∗(Bn−1 : Q) such that (yα + u)
2 = 0
in H∗(M(α) : Q).
(3) α = aixi for some i = 1, . . . , n− 1.
Moreover there are two diffeomorphism types in this case, and H∗(M(α)) ∼=
H∗((CP 1)n) if and only if ai is even in (3) above.
Proof. (1)⇒(2) Since there are n linearly independent elements in the
vector spaceH2((CP 1)n : Q) whose squares are zero, so areH2(M(α) : Q).
From (5.1) there are n−1 linearly independent elements x1, . . . , xn−1 in
H2(M(α) : Q) whose squares are zero. Thus there is one more linearly
independent element w =
∑n−1
i=1 cixi + cnyα ∈ H
2(M(α) : Q) such that
w2 = 0. Since w is linearly independent from x1, . . . , xn−1, the coef-
ficient cn of yα is non-zero. Let u = c
−1
n (
∑n−1
i=1 cixi) ∈ H
2(Bn−1 : Q).
Then (yα + u)
2 = (c−1n )
2w2 = 0.
(2)⇒(3) Let u =
∑n−1
i=1 dixi such that (yα + u)
2 = 0. Then
0 = (yα +
n−1∑
i=1
dixi)
2
= y2α + 2
n−1∑
i<j
didjxixj + 2
n−1∑
i=1
dixiya
= 2
n−1∑
i<j
didjxixj + (2
n−1∑
i=1
dixi + α)yα.
This implies that didj = 0 for all i 6= j, and 2
∑n−1
i=1 dixi + α = 0.
From the first condition at most one, say di is non-zero. From the
second condition we have 0 = 2dixi + α. If we set ai = −2di, then (3)
follows.
(3)⇒(1) If α = aixi, then M(α) is diffeomorphic to B2 × (CP
1)n−2
where B2 = P (C ⊕ γ
ai) → CP 1. Here γ is the tautological line bun-
dle over CP 1. But it is well-known that there are exactly two diffeo-
morphism type of B2 depending on the parity of ai. Namely, if ai is
even, then B2 ∼= (CP
1)2 and if ai is odd, then B2 diffeomorphic to a
Hirzebruch surface H. In the former case, H∗(M(α) : Q) is trivially
isomorphic to H∗((CP 1)n : Q), and in the latter case
H∗(H : Q) ∼= Q[x1, x2]/ < x
2
1, x
2
2 − x1x2 >
∼= Q[x1, x2]/ < x
2
1, (x2 −
1
2
x1)
2 >
∼= H∗((CP 1)2 : Q),
which proves the lemma. 
We now prove Theorem 5.1
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Proof of Theorem 5.1. (2)⇒(3) Let φ : H∗(M(α))→ H∗(M(β)) be an
isomorphism. In the case when H∗(M(α) : Q) ∼= H∗((CP 1)n : Q),
Lemma 5.2 shows that there are only two diffeomorphism types for
M(α), which are (CP 1)n and H× (CP 1)n−2 where H is the Hirzebruch
surface. For these two types we can see easily that (2)⇒(3).
Therefore we may assume that H∗(M(α) : Q) ∼= H∗(M(β) : Q) is not
isomorphic to H∗((CP 1)n : Q). For each xi ∈ H
2(Bn−1) ⊂ H
2(M(α))
we have φ(xi)
2 = 0 inH∗(M(β)). On the other hand since x1, . . . , xn−1, yβ
are generators ofH∗(M(β)) we can write φ(xi) = bi1x1+· · ·+bin−1xn−1+
binyβ. Then by Lemma 5.2 the coefficient bin of yβ must vanish for
i = 1, . . . , n − 1. This means that any isomorphism φ : H∗(M(α)) →
H∗(M(β)) must preserve the subring H∗(Bn−1). Therefore φ(yα) =
±yβ+w for some w ∈ H
2(Bn−1). If necessary, by composing φ with an
automorphism of H∗(M(β)) fixing H∗(Bn−1) and sending yβ to −yβ ,
we may assume that φ(yα) = yβ + w. It follows that
(5.3) φ(y2α) = (yβ + w)
2 = y2β + 2wyβ + w
2 = (β + 2w)yβ + w
2.
On the other hand we have
(5.4) φ(y2α) = φ(αyα) = φ(α)(yβ + w).
Comparing (5.3) and (5.4), we obtain
(5.5) φ(α) = β + 2w and w2 = φ(α)w.
The first equation of (5.5) implies φ(α) ≡ β mod 2. By plugging the
first equation into the second of (5.5) we can see that βw = −w2.
Hence φ(α2) = (β + 2w)2 = β2 + 4βw + 4w2 = β2. Hence (2)⇒(3) is
proved.
(3)⇒(2) Suppose there is an automorphism φ on H∗(Bn−1) such
that φ(α) ≡ β mod 2 and φ(α2) = β2. Let φ(α) = β + 2w for some
w ∈ H2(Bn−1). If we define φ(yα) = yβ+w, then we can see easily that
φ defines an isomorphism from H∗(M(α)) to H∗(M(β)). This proves
(3)⇒(2).
(1)⇒(2) This implication is obvious.
(2)⇒(1) Suppose H∗(M(α)) is isomorphic to H∗(M(β)). From the
implication (2)⇒(3), there is an automorphism φ on H∗(Bn−1) ∼=
Z[x1, . . . , xn−1/ < x
2
j | j = 1, . . . , n − 1 >. But it is easy to see
that any automorphism on Z[x1, . . . , xn−1/ < x
2
j | j = 1, . . . , n− 1 > is
generated by a permutation on the generators x1, . . . , xn−1 and possi-
bly changing their signs. Such automorphism on the ring H∗(Bn−1) is
clearly induced by a self-diffeomorphism f on Bn−1 = (CP
1)n−1, i.e.,
f ∗ = φ. The diffeomorphism f induces a fiber bundle isomorphism
between γα and f ∗(γα), hence it induces a diffeomorphism between
M(α) and M(φ(α)). Therefore for simplicity we may assume the au-
tomorphism φ on H∗(Bn−1) is the identity, such that α ≡ β mod 2 and
α2 = β2.
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Since α ≡ β mod 2, there is an element w ∈ H2(Bn−1) such that
2w = α − β. Now let ξ1 = γ
α ⊕ C and ξ2 = γ
w(γβ ⊕ C). Then their
first Chern classes are equal because c1(ξ1) = α = β + 2w = c1(ξ2).
Their second Chern classes are c2(ξ1) = 0 and c2(ξ2) = w(β + w) = 0
which follows from (5.5). Therefore ξ1 ∼= ξ2 by Proposition 2.5, and
hence M(α) = P (ξ1) ∼= P (ξ2) = P (γ
w(γβ ⊕C)) ∼= P (γβ ⊕C) =M(β).
This proves (2)⇒(1).
That (3)⇔(4) is obvious. If φ : H∗(M(α)) → H∗(M(β)) is any iso-
morphism, the proof (2)⇒(3) shows that φ(α2) = β2. Hence by the
identity (5.2) the isomorphism φ preserves the Pontrjagin classes of
M(α) and M(β). 
By putting all the results together we can conclude the following
cohomological rigidity result for quasitoric manifolds.
Theorem 5.3. Let M and N be 2n-dimensional quasitoric manifolds
whose cohomologies are BQ-algebra of rank n over Z with cohomolog-
ical complexities equal to 1. If H∗(M) ∼= H∗(N), then M and N are
homeomorphic.
Proof. By Theorem 3.1 and Corollary 3.2 bothM and N are equivalent
to one-twist n-stage Bott manifolds. By Theorem 5.1 those one-twist
Bott manifolds are diffeomorphic. Hence M and N are homeomorphic.

6. BQ-algebra over Z(2)
All the results in previous sections are concerned with BQ-algebras
over Z. In this section we remark that these results are stil true for
BQ-algebras over the localized ring Z(2) at 2.
A BQ-algebra over Z is defined in Definition 4.1. However this
definition can be extended to any commutative ring R. Namely, a
BQ-algebra S of rank n over R is a graded R-algebra with generators
x1, . . . , xn of degree 2 such that
(1) x2k =
∑
i<k cikxixk where cik ∈ R for 1 ≤ k ≤ n, (in particular
x21 = 0,) and
(2)
∏n
i=1 xi 6= 0.
The R-complexity of S is the number of k’s such that x2k 6= 0 in the
above condition (1) for all possible choices of generator sets {x1, . . . , xn}.
Note that the cohomology ring H∗(M,R) of a quasitoric manifold M
is a BQ-algebra over R. If R = Z and M is a Bott manifold, the coho-
mological complexity of M defined in Section 3 is the Z-complexity of
H∗(M : Z).
In Theorem 3.1 we show that the twist number of a Bott manifoldM
is equal to the cohomological complexity ofM . If we examine the proof
carefully, the proof is based on arguments whether the coefficients are
even or odd. Therefore we can see easily that the same argument works
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if the integer coefficients are replaced by the localized ring Z(2) at 2.
Therefore Theorem 3.1 and Corollary 3.2 can be extended as follows.
Theorem 6.1. Let M be a Bott manifold. Then the twist number of
M is well-defined and is equal to the Z(2)-complexity of the BQ-algebra
H∗(M : Z(2)). In particular, the Z-complexity of H
∗(M : Z) is equal to
the Z(2)-complexity of H
∗(M : Z(2)).
In Theorem 4.2, it is shown that if M is a quasitoric manifold whose
integral cohomology ring is a BQ-algebra over Z, then M is equivalent
to a Bott manifold. In its proof, the only place where the property of
integral coefficients different from that of rational coefficients is used
is where astats = 2 implies ast = ±1 and ats = ±2 right after equa-
tion (4.2). But this is still true if the coefficient ring is Z(2), the integer
ring localized at 2. Therefore Theorem 4.2 is still true if the coefficient
ring is Z(2). Therefore Theorem 4.2 can be extended as follows.
Theorem 6.2. Let M be a 2n-dimensional quasitoric manifold over
P , and let A be the characteristic matrix of M . Then the following are
equivalent.
(1) M is equivalent to an n-stage Bott manifold.
(2) H∗(M : Z) is a BQ-algebra of rank n over Z.
(3) H∗(M : Z(2)) is a BQ-algebra of rank n over Z(2).
(4) P is combinatorially equivalent to the cube In and A is an n×n
matirx conjugate to an upper triangular matrix by a permutation
matrix.
If we examine the proof of Theorem 5.1 carefully, we can also see
that a similar proof works for the following claim: if M(α) and M(β)
are one-twist Bott manifols with H∗(M(α) : Z(2)) ∼= H
∗(M(β) : Z(2)),
then they are diffeomorphic. So combining this claim together with
Theorems 6.1 and 6.2, we can have the following theorem.
Theorem 6.3. Let M and N be 2n-dimensional quasitoric manifolds
whose cohomologies are BQ-algebra of rank n over Z(2) with Z(2)-complexities
less than or equal to 1. If H∗(M : Z(2)) ∼= H
∗(N : Z(2)), then M and N
are homeomorphic.
In the proof of the cohomological rigidity of three-stage Bott man-
ifolds in [4], Wall and Juppe’s results on classification of simply con-
nected 6-dimensional manifolds is used essentially. However, recently,
a different but direct proof of the cohomological rigidity of three-stage
Bott manifolds is found, and a similar proof also works for the claim
that two three-stage Bott manifolds with isomorphic Z(2)-cohomology
rings are diffeomorphic. Therefore the same argument as above we
have the following theorem.
Theorem 6.4. Let M and N be 6-dimensional quasitoric manifolds
whose Z(2)-cohomology rings are BQ-algebras over Z(2). IfH
∗(M : Z(2)) ∼=
H∗(N : Z(2)) as graded rings, then M and N are diffeomorphic.
22 SUYOUNG CHOI AND DONG YOUP SUH
More precise argument for Theorem 6.4 will be shown elsewhere.
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